Therefore, the entire RHS in (3.11) is:

_ on' o' 10p ! 0
_deev_+g—_v = ———p—ig,—i-g

0z 0, poz G (3:21)

Thus, it is seen that the right hand sides of (3.11) and (3.16) are at the same level of

approximation.

3.4 Converting the continuity equation into a pres-
sure tendency equation

3.4.1 Derivation

As mentioned before, we do not need prognostic equations for both density and pres-
sure, owing to the ideal gas law. Because perturbation pressure appears in important
terms in the model, and because we’ve already replaced the buoyancy term’s pertur-
bation density with 6/, it is convenient to replace our prognostic equation for density
[the continuity equation, (3.4)] with an equation for the nondimensional pressure

tendency.

Using the ideal gas law we can manipulate (3.6) into:

_ PRy (3.22)
Po

Cud
T Rd

Take the substantial derivative of this expression and manipulate it into this form:

Cud ‘;‘,’dfl dm ,ORdQU 1 dp 1 d(gv
— 7 B4 - = _— _I_ J—
R, dt Do pdt 60, dt
= 74 l@ ld@v 3.23
Wd{pdt—i_@vdt (3:23)

where the latter expression was obtained through usage of (3.22). Divide through by
Coud

mRa and rearranging a little yields this expression:

dr Rym {1 dp 1 d@v}

= sdt o, ar

- = 3.24
dt Cyd ( )

At this point, use the continuity equation (3.4) to replace the density derivative

on the RHS. Recalling that the adiabatic speed of sound is ¢? = Z’%Rdﬁvﬁ, we see
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that

R 2
LR (3.25)
Cod deev

Using (3.25), we have:
dm Ry - c db,
ﬁ__ Cud V'V+de0v dt )

(3.26)

Now subject (3.26) to a perturbation analysis, recalling that the mean state is a
function of height alone, except we’re only going to (explicitly) expand 7 for now.

The LHS of (3.26) becomes:

dt ot ox 0z
on’ or’ orn’ dm

= tUZT W W

ot ox 0z dz

o’ = , dm
= — . —_ 2
5 +V.-Vr +wdz (3.27)
The RHS of (3.26) becomes:
Rd7_l' — Rdﬂ' ! e 62 d@v
- V- -V ) . 3.28
Cud v Cud Vv + detgv dt ( )
One term from each side may be combined in the following fashion:
Rt - AT Cs? P
_ V- V—-—w—| = — _ -pB, V|, 3.29
Cod wdz} PCpat? [V p } ( )

which accomplishes an important simplification. Note the mean state sound speed
defined in (3.17) has been employed.

It is easier to show (3.29) is true by going backwards. First, apply the vector
chain rule to the RHS of (3.29):
Cs? - S o ~
&[0,V -V V- Vp@v] (3.30)
,Ode(gv

Recognizing the mean fields vary only vertically, we obtain:

& o o G2 dpb,

—V .V = 3.31
Cpay + ﬁcpdegw dz ( )
Use (3.25) and split the vertical derivative in the second term to yield:
Rym -5 Rym do, - dp
TV +— {ﬁ + ev—pl (3.32)
Cud Cod POy dz dz
A
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which can be manipulated into:

A+

R [dind, dlnp
d”wl n np]. (3.33)

dz dz

Cod

Now, the term in square brackets has been seen before, in (3.20). Use (3.20) to
replace the density derivative in (3.33) above. We should find that the two terms
with the vertical temperature derivatives exactly cancel, leaving us with:

Rqm g

s 3.34
Cod wc_s2 ( )

A—

Take this expression, the hydrostatic equation (3.10) and the base state sound speed

(3.17), and we finally end up with
G

- Pepal?

Rym — dm
YV —w (3.35)

[V : ,581,‘7] =
which concludes the proof.

3.4.2 Interpretation

This is the pressure tendency equation we have derived:

or’ ., 2 Ry’ ., 2 db,

=V o5 0,V | — vV s . 3.36
gy~ VE = VeV | -V (336)
[1] ~ ~ v T
2] 3

The left side, of course, represents the local perturbation pressure rate of change
at a single location. Three terms on the RHS have been highlighted. These terms

influence the local pressure tendency through:

Term 1 Advection of pressure. “The future pressure here depends on the present pres-
sure there”. The local pressure rises or falls depending on what the wind is
carrying with it. Advection travels with the flow velocity, with a time scale
given by é, where L is some measure of horizontal length (such as the grid
spacing) and V is the flow speed. Since V ~ 10 m s™! or so, pressure advection

is not rapid.
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Term 2 Acoustic adjustment. “The future pressure here depends on the present wind
field here (the dynamics)”. The local pressure rises or falls depending (primar-
ily) on the local mass convergence. This signal travels at the sound wave speed,

so its time scale is £ (i.e., quite short).
Cs
Term 3 Diabatic heating. “The future pressure here depends on the thermodynamics.”

Rewrite (3.36), incorporating all terms on the RHS except term [1] into catch-all
proxy fr, and we have the equation in the form we plan to use in the model:
87.(./ @2

— 4 _
ot ﬁdeeg

[v - ﬁaﬂ — (3.37)

In their 3D model, Klemp and Wilhelmson (1978, J. Atmos. Sci., p. 1070) argued
that the terms embodied in f, appear to have little effect on important physical
processes operating in convection, and thus set the term to zero. (They remarked
that this would be formally justified, but the paper they referred to never appeared
— at least to my knowledge.) The chief consequence of neglecting f, appears to be
that unique values of pressure are no longer obtained; instead, the field is predicted
only to within an unknown constant. Since we have successfully avoided having to
use raw values of 7/, this is not a concern. We will follow Klemp and Wilhelmson and

set fr to zero.

3.5 The fully compressible model equations

These are the equations we’ve developed thusfar (after performing a compatible per-

turbation analysis on (3.3):

ou _on'

R T (3.38)

O R (3.39)

LS (3.40)
/ =2

38_7; _ _p:deg [v.[;gvv] (3.41)

This is the fully compressible model framework.
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